The Reissner-Nordstrom Problem for Intersecting Electric and Magnetic
  p-Branes by Bronnikov, K. A. et al.
ar
X
iv
:g
r-q
c/
97
10
05
4v
1 
 9
 O
ct
 1
99
7
RUSSIAN GRAVITATIONAL SOCIETY
INSTITUTE OF METROLOGICAL SERVICE
CENTER OF GRAVITATION AND FUNDAMENTAL METROLOGY
RGS-VNIIMS-97/15
gr-qc/9710054
Grav. and Cosmol. 3, No. 3 (11), 1997
THE REISSNER-NORDSTRO¨M PROBLEM
FOR INTERSECTING ELECTRIC AND MAGNETIC P -BRANES
K.A. Bronnikov1, V.D. Ivashchuk and V.N. Melnikov2
Centre for Gravitation and Fundamental Metrology, VNIIMS,
3–1 M. Ulyanovoy St., Moscow 117313, Russia
Received 18 August 1997
A multidimensional field model with (at most) one Einstein space of non-zero curvature and n Ricci-flat internal
spaces is considered. The action contains arbitrary numbers of dilatonic scalar fields ϕa and antisymmetric forms
Fs of both electric and magnetic types, as they appear in the weak field limit of theories like M-theory (associated
with p -branes). The problem setting covers various models with field dependence on a single space-time coordinate,
in particular, homogeneous cosmologies, static, spherically symmetric and Euclidean models. Exact solutions are
obtained when the p -brane dimensions and the dilatonic couplings obey orthogonality conditions in the minisuper-
space. For spherically symmetric solutions, conditions for black hole and wormhole existence are formulated. As in 4
dimensions, wormholes can only exist with negative energy density (such as pure imaginary scalar fields). For black
holes, an analogue of no-hair theorems for F -forms is obtained; it is shown that even in spaces with multiple times
a black hole may only exist with its unique, one-dimensional time; an infinite value of the Hawking temperature is
explicitly shown to imply a curvature singularity at an assumed horizon, and such cases among extreme black-hole
solutions are indicated.
1. Introduction
The properties of p-branes interacting with gravity
have been recently discussed by many authors. Such
problems naturally emerge in bosonic sectors of super-
gravitational models [1, 2] and may be of interest in
the context of superstring and M-theories [3–7].
We continue our previous studies on this trend [8–
14] and consider multidimensional gravitational mod-
els containing several coupled dilatonic scalar fields and
antysymmetric forms [8], in the case of essential de-
pendence of all fields on a single variable. The model,
outlined in Sec. 2, describes generalized intersecting p-
branes (for different aspects of p-branes see [6, 7, 15]
and references therein) in isotropic and anisotropic cos-
mological models, static space-times with spherical and
other symmetries, and the corresponding Euclidean
models. In Sec. 3, using the harmonic coordinate con-
dition and a σ -model representation [8], we reduce the
equations of motion to a Toda-like Lagrange system.
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In the simplest case of orthogonal vectors in the expo-
nents of the Toda potential we obtain exact solutions.
Sec. 4 briefly discusses the general properties of the so-
lutions in the cosmological and spherically symmetric
cases, in particular, the possible existence of worm-
hole configurations. In Sec. 5, among all spherically
symmetric solution we select the subclass of black-hole
ones and give a general expression for their Hawking
temperature. The latter proves to be infinite in the
extreme limit of some of the holes, indicating that, in
this limit, they become naked singularities. In Sec. 6 we
formulate some restrictions for p-brane configurations
and, in particular, black holes in space-times with mul-
tiple time coordinates. As a by-product, we obtain a
certain generalization of the no-hair theorems (namely,
that black holes are incompatible with the so-called
quasiscalar forms). Finally, the Appendix gives, under
the general conditions of the model of Sec. 2, an ex-
plicit proof of the existence of a naked singularity at a
surface with infinite gravity; applied to horizons, this
means that an infinite Hawking temperature indicates
a singularity.
Special cases of the present models were recently
studied by a number of authors ([16, 17] and others);
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in particular, spherically symmetric and cosmological
models with a conformally invariant generalization of
the Maxwell field to higher dimensions were discussed
in Refs. [18–20]; in [20] some integrable cases of cos-
mological models with perfect fluid sources were indi-
cated. We here deal with the general class of coupled
electric and magnetic p-brane and dilatonic fields, but
with no other material sources.
For convenience we list some indices used in the
paper and their corresponding objects:
M, N, ... 7→ coordinates of the D -dimensional Rie-
mannian space M ;
I, J, ... 7→ subsets of the set I0 = {0, 1, . . . , n} ;
e,m 7→ electric and magnetic type forms, respec-
tively;
s, s′ 7→ eI or mI , unified indices;
a, b, ... 7→ scalar fields;
i, j, ... 7→ subspaces of M ;
mi, ni 7→ coordinates in Mi ;
A, B, ... 7→ minisuperspace coordinates.
As usual, summing over repeated indices is assumed
when one of them is at a lower position and another at
an upper one.
2. Initial field model
We start (like [8]) from the action
S =
1
2κ2
∫
M
dDz
√
|g|
{
R[g]
− δabg
MN∂Mϕ
a∂Nϕ
b −
∑
s∈S
ηs
ns!
e2λsaϕ
a
F 2s
}
, (2.1)
in a D -dimensional (pseudo-)Riemannian manifold M
with the metric tensor gMN ; |g| = | det(gMN )| ; ϕ
a are
dilatonic scalar fields;
Fs = dAs =
1
ns!
Fs, M1...Mnsdz
M1 ∧ . . . ∧ dzMns (2.2)
are ns -forms (ns ≥ 2) in M ; λsa are coupling con-
stants; ηs = ±1 (to be specified later); furthermore,
F 2s = Fs, M1...MnsF
M1...Mns
s , (2.3)
s ∈ S , a ∈ A , where S and A are non-empty finite
sets.
The Lagrangian (2.1) gives the equations of motion
GMN ≡ RMN −
1
2
gMNR = TMN , (2.4)
✷ϕ
a =
∑
s∈S
ηs
λsa
ns!
e2λsbϕ
b
F 2s , (2.5)
∇M
(
e2λsaϕ
a
F
MM2...Mns
s
)
= 0, (2.6)
where ✷ and ∇ are the Laplace-Beltrami and covari-
ant derivative operators corresponding to g and
TMN =
∑
a∈A
TMN [ϕ
a] +
∑
s∈S
ηs e
2λsaϕ
a
TMN [Fs], (2.7)
TMN [ϕ
a] = ∂Mϕ
a∂Nϕ
a −
1
2
gMN∂Pϕ
a∂Pϕa, (2.8)
TMN [F
s]
=
1
ns!
[
−
1
2
gMNF
2
s + nsFs,MM2...MnsF
M2...Mns
s,N
]
.
(2.9)
We take the manifold M and the metric on it in
the form
M = R ×M0 × . . .×Mn, (2.10)
ds2 = w e2α(u)du2 +
n∑
i=0
e2βi(u)ds2i , (2.11)
where w = ±1, u is a selected coordinate, to serve
as an argument for the unknown functions; ds2i =
gimini(yi)dy
mi
i dy
ni
i are metrics on Mi , satisfying the
equation
Rmini [g
i] = ξig
i
mini , (2.12)
mi, ni = 1, . . . , di (di = dimMi ); ξi = const.
We assume each manifold Mi , i = 0, . . . , n , to be
oriented and connected, so that one can correctly de-
fine their volume di -forms τi and signature parameters
εi :
τi =
√
|gi(yi)| dy
1
i ∧ . . . ∧ dy
di
i ,
εi = sign det(g
i
mini) = ±1. (2.13)
For the dilatonic scalar fields we put ϕa = ϕa(u),
a ∈ A . Let us now specify the set S in such a way
as to include both electric and magnetic type p-branes
with essential dependence of the field variables on u
only. For each non-empty subset I = {i1, . . . , ik} (i1 <
. . . < ik ) of the set of indices I0 = {0, . . . , n} one
can define an electric type F -form (2.2), choosing the
potential A = A eI as
A eI = Φ eI(u)τI , τI
def
= τi1 ∧ . . . ∧ τik . (2.14)
Thus the rank of the form A eI coincides with d(I) =∑
i∈I di , the dimension of the oriented manifold MI =
Mi1 × . . .×Mik . With (2.14),
F eI = dA eI = Φ˙ eIdu ∧ τI , (2.15)
where a dot denotes d/du . By construction and ac-
cording to (2.15),
n eI = rankF eI = d(I) + 1, (2.16)
so that the ranks of the forms F eI are fixed by the
manifold decomposition.
In the conventional p-brane problem setting [5–7] it
is supposed that one of the coordinates of MI is time
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and the form (2.15) corresponds to a (d(I)− 1)-brane
“living” in the remaining subspace of MI .
A magnetic-type F -form may be defined as a form
dual to some electric-type one, namely,
FmI = e
−2λmIaϕ
a
∗ [dΦmI ∧ τI ], (2.17)
where ΦmI = ΦmI(u) is a potential function, λmIa are
coupling constants and ∗ is the Hodge operator:
(∗F )M1...Mk
def
=
√
|g|
k!
εM1...MkN1...ND−kF
N1...ND−k ,
(2.18)
ε... being the Levi-Civita symbol. Thus
nmI = rankFmI = D − rankF eI = d(I), (2.19)
I
def
= I0 \ I . Nonzero components of FmI correspond
to coordinates of the subspaces Mi, i ∈ I .
Now, the set of indices S = {s} in (2.1) will unify
the electric and magnetic F -forms, the latter being
also distinguished by the symbol χs = ±1:
S = { eI} ∪ {mI}, χs =
{
+1 for F eI ,
−1 for FmI .
(2.20)
The number of elements in S is |S| = 2(2n+1 − 1).
Remark 1. It is certainly possible to associate several,
instead of one, electric and/or magnetic forms with
each I ; such a generalization is, however, straight-
forward and, making notations more cumbersome,
changes actually nothing in the solution process.
Remark 2. If two or more forms Fs have equal ranks
r , they may be treated as different components of the
same r -form, provided the coupling constants coincide
as well. Such a situation is sometimes called “com-
posite p-branes” [15]. There is just one exception: one
must avoid unification of forms having only one nonco-
inciding index (which may happen if there is more than
one 1-dimensional subspaces among Mi ), since in this
case there emerge nonzero off-block-diagonal energy-
momentum tensor (EMT) components, while the Ein-
stein tensor in the l.h.s. of (2.4) is block-diagonal.
Though, two or several such off-diagonal terms may
in principle compensate each other, thus avoiding the
prohibition. See more details in Ref. [11].
The problem setting as described embraces various
classes of models where field variables depend on a sin-
gle coordinate, such as
(A) cosmological models, both isotropic and anisotro-
pic, where the u coordinate is timelike, w = −1,
and some of the factor spaces (one in the isotropic
case) are identified with the physical space;
(B) static models with various spatial symmetries
(spherical, planar, pseudospherical, cylindrical,
toroidal) where u is a spatial coordinate, w =
+1, and time is selected among Mi ;
(C) Euclidean models with similar symmetries, or
models with a Euclidean “external” space-time;
w = +1.
A simple analysis shows that a positive energy den-
sity −T tt of the fields F
I is achieved in all Lorentzian
models with the signature (−++ . . .+) if one chooses
in (2.1) ηs = 1 for all s , as is done in most works
dealing with F -forms. In more general models, with
arbitrary εi , the requirement −T
t
t > 0 is fulfilled if
η eI = −ε(I)εt(I), ηmI = −ε(I)εt(I), (2.21)
where ε(I)
def
=
∏
i∈I εi ; the quantity εt(I) = 1 if the
time (t) axis belongs to the factor space MI and
εt(I) = −1 otherwise. Thus if εt(I) = 1, we are deal-
ing with a genuine electric or magnetic field (see (2.15)
and (2.17)), while otherwise the F -form behaves as
an effective scalar or pseudoscalar in the physical sub-
space. The latter happens, in particular, in isotropic
cosmologies where nonzero spatial vectors would vio-
late the isotropy. Such forms will be called quasiscalar.
For example: if zM , M = 0, 1, 2, 3 describe the exter-
nal static space-time, z0 = t , z1 = u and M > 3 label
extra dimensions, then, say, a form with nonzero F015
is true electric, F235 is true magnetic, F156 is electric
quasiscalar and F0235 is magnetic quasiscalar.
In the solution process we preserve, for generality,
arbitrary sign factors, including ηs .
We also use the following notations for the loga-
rithms of volume factors of the subspaces of M :
n∑
i=0
diβi ≡ σ0,
n∑
i=1
diβi ≡ σ1,
∑
i∈I
diβi ≡ σ(I). (2.22)
3. Solutions
Let us, as in [25], choose the harmonic u coordinate
(✷ u = 0), such that
α(u) = σ0(u). (3.1)
The Maxwell-like equations (2.6) are easily solved and
give (with (3.1)):
F
uM1...Md(I)
eI =
Q eI√
|gI |
e−2α−2
~λ eI ~ϕεM1...Md(I) , (3.2)
FmI,M1...Md(I) = QmIεM1...Md(I)
√
|gI |, (3.3)
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where |gI | =
∏
i∈I |g
i(yi)| , the constants Qs are
charges and arrows denote summing in a . These solu-
tions lead to the following form of the EMTs (2.9):
e2αTNM (F eI) =
w
2
ε(I)η eIQ
2
eI e
2σ(I)−4~λ eI ~ϕ
× diag
(
+1, [+1]I , [−1]I
)
;
e2αTNM (FmI) =
1
2
ε(I)ηmIQ
2
mI e
2σ(I)
× diag
(
−1, [−1]I , [+1]I
)
, (3.4)
where the first place on the diagonal belongs to u and
the symbol [f ]J means that the quantity f is repeated
along the diagonal for all indices referring to Mi, i ∈
J . On the other hand, the scalar field EMTs (2.8) are
e2αTNM (ϕ
a) =
w
2
(
ϕ˙a)2 diag (+1, [−1]I0
)
. (3.5)
To solve the remaining field equations, let us adopt
the following assumptions:
(i) Among all Mi , only M0 , with d0 > 1, may have
a nonzero curvature, while others are Ricci-flat,
i.e., ξi = 0 for i > 0 and (properly normalizing
the scale factor β0 )
ξ0 = (d0 − 1)K0, K0 = 0, ±1. (3.6)
(ii) Neither of I such that Q eI 6= 0 or QmI 6= 0
contains the index 0, that is, neither of the p-
branes under consideration involves the subspace
M0 .
Let us denote by S∗ the set of s with nonzero
charges, i.e., S∗ = {s | Qs 6= 0} . In what follows,
all sums and products in s will be performed over the
set S∗ without special indication.
One can notice that each constituent of the total
EMT (2.7) possesses the property
T uu + T
z
z = 0 (3.7)
if z belongs to some Mi, i ∈ I . Due to Assump-
tions (i) and (ii), a coordinate z from M0 is such a
coordinate for all s ∈ S∗ and hence the relation (3.7)
holds for the total EMT. As a result, the correspond-
ing combination of the Einstein equations (2.4) can be
integrated:
Guu +G
z
z
= −w e−2α
[
α¨− β¨0 − wK0(d0 − 1) e
2α−2β0
]
= 0,
eβ0−α = (d0 − 1)S(wK0, k, u), (3.8)
where k is an integration constant (IC) and we have
introduced the notation
S(1, h, t) =


h−1 sinhht, h > 0,
t, h = 0,
h−1 sinht, h < 0;
S(−1, h, t) = h−1 coshht; h > 0;
S(0, h, t) = eht, h ∈ R. (3.9)
Another IC is suppressed by properly choosing the ori-
gin of the u coordinate.
With (3.8) the D -dimensional line element may be
written in the form
ds2 =
e−2σ1/d
[dS(wK0, k, u)]2/d
×
[
w du2
[dS(wK0, k, u)]2
+ ds20
]
+
n∑
i=1
e2βids2i (3.10)
where d
def
= d0 − 1.
It is now helpful to represent the remaining field
equations using the so-called σ -model (minisuper-
space) approach (its more general form is described
in [10]).
Let us treat the whole set of unknowns βi(u), ϕ
a(u)
as a real-valued vector function xA(u) (so that {A} =
{1, . . . , n}∪A) in an (n+|A|)-dimensional vector space
V . One can then verify that the field equations for βi
and ϕa coincide with the equations of motion corre-
sponding to the Lagrangian of a Euclidean Toda-like
system
L = GABx˙
Ax˙B − VQ(y),
VQ(y) =
∑
s
χsθsQ
2
s e
2ys (3.11)
where the nondegenerate symmetric matrix
(GAB) =
(
Gij 0
0 δab
)
, Gij =
didj
d0 − 1
+ diδij
(3.12)
defines a positive-definite metric in V ; the sign factors
θs are
θ eI = η eIε(I); θmI = wηmIε(I) (3.13)
and the functions ys(u) are defined in the following
way:
ys = (y eI , ymI) = σ(Is)− χs~λs~ϕ. (3.14)
The Lagrange equations due to (3.11) must be sup-
plemented by an “energy” integral that follows from
the
(
u
u
)
component of the Einstein equations (2.4):
E =
1
d
σ˙21 +
n∑
i=1
diβ˙
2
i + δabϕ˙
aϕ˙b + VQ(y)
= GAB x˙
Ax˙B + VQ(y) =
d0
d0 − 1
K, (3.15)
K =
{
k2 signk, wK0 = 1;
k2, wK0 = 0, −1.
where the IC k has appeared in (3.8).
The functions (3.14) can be represented as scalar
products in V :
ys(u) = Ys,Ax
A, (Ys,A) = (diδiI , −χsλsa),
(3.16)
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where δiI
def
=
∑
j∈I δij is an indicator of i belonging
to I (1 if i ∈ I and 0 otherwise).
The contravariant components of Ys are found us-
ing the matrix G
AB
inverse to GAB :
(G
AB
) =
(
Gij 0
0 δab
)
, Gij =
δij
di
−
1
D − 2
,
(3.17)
(Ys
A) =
(
δiI −
d(I)
D − 2
, −χsλsa
)
(3.18)
and the scalar products of different Ys , whose values
are of primary importance for the integrability of our
system, are
Ys,AYs′
A = d(Is ∩ Is′)−
d(Is)d(Is′ )
D − 2
+ χsχs′~λs~λs′ .
(3.19)
Let us now adopt two further assumptions making
it possible to entirely integrate the field equations:
(iii) n + |A| ≥ |S∗| , i.e., the number of functions ys
does not exceed the number of equations.
(iv) The vectors Ys , s ∈ S∗ , are mutually orthogonal
with respect to the metric GAB , that is,
Ys,AYs′
A = δss′
/
N2s ,
1
/
N2s = d(I)
[
1−
d(I)
D − 2
]
+ ~λ2s > 0. (3.20)
Under these assumptions the functions ys(u) obey
the decoupled equations
y¨s = −
χsθsQ
2
s
N2s
e2ys , (3.21)
whence
e−ys(u) =
|Qs|
Ns
S(−χsθs, hs, u− us), (3.22)
where hs and us are ICs and the function S(., ., .) is
defined in (3.9). For the sought functions xA(u) we
then obtain:
xA(u) =
∑
s
N2s Ys
Ays(u) + c
Au+ cA, (3.23)
where the vectors of ICs cA and cA satisfy the orthog-
onality relations cAYs,A = c
AYs,A = 0, or
cidiδiIs − c
aχsλsa = 0,
cidiδiIs − c
aχsλsa = 0. (3.24)
Specifically, the logarithms of scale factors βi and the
scalar fields ϕa are
βi(u) =
∑
s
[
δiIs −
d(Is)
D − 2
]
N2s ys(u) + c
iu+ ci,
(3.25)
ϕa(u) = −
∑
s
λsaN
2
s ys(u) + c
au+ ca, (3.26)
and the function σ1 appearing in the metric (3.10) is
σ1 = −d
∑
s
d(Is)
D − 2
N2s ys(u) + u
n∑
i=1
ci +
n∑
i=1
ci.
(3.27)
Finally, the “conserved energy” E from (3.15) is
E =
∑
s
N2s h
2
s signhs +GABc
AcB =
d0
d0 − 1
k2 signk.
(3.28)
The relations (3.1)–(3.3), (3.8), (3.10), (3.22)–
(3.28), along with the definitions (3.9) and (3.20) en-
tirely determine our solution, which is general under
the above assumptions and involves all cases mentioned
in items A, B, C at the end of Sec. 2.
Remark 3. The above solutions evidently do not ex-
haust all integrable cases. Thus, some of the functions
ys may coincide, reducing the number of the required
orthogonality conditions and giving more freedom in
choosing the set of input constants di and λsa . Such
a coincidence of different y ’s is a constraint on the un-
knowns and the emerging consistency relations should
lead to a reduction of the number of integration con-
stants (e.g. coincidence of charges). In other words, it
becomes possible to obtain less general solutions but
for a more general set of input parameters. An exam-
ple of such a situation is given in Ref. [13] discussing
spherically symmetric solutions with intersecting elec-
tric and magnetic p-branes in the case of a single F -
form. Other solutions must be yielded by the known
methods of treating nontrivial Toda systems, see e.g.
[32, 14].
Remark 4. Electric and magnetic forms F eI and
FmI , specified on the same set I , in general, partici-
pate separately in the solution process, except for the
case λ eIa = −λmIa . In this case they form a common
function ys and their charges appear in all relations (in
Lorentzian models, under the conditions (2.21) ) only
in the combination Q2eI +Q
2
mI . Examples are evident,
beginning with conventional Maxwell theory.
4. Cosmology and spherical
symmetry. Wormholes
The positive energy requirement (2.21), fixing the in-
put signs ηs , can be written as follows using the nota-
tions (3.13):
χsθs = −εt(I). (4.1)
This condition essentially restricts the possible solu-
tion behaviour in particular cases. Thus, in cosmolog-
ical models, when u is a time coordinate, εt(I) = −1,
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and M0 is naturally identified with the physical 3-
space (d0 = 3), (3.22) gives all ys in terms of hy-
perbolic cosines, in full similarity to our previous work
[12]. Thus all conclusions, obtained there for the purely
electric case, remain valid in the more general case of
mixed electric and magnetic p-branes. In particular,
all hyperbolic models with a 3-dimensional external
space possess an asymptotic with a linear dependence
of the external scale factor on the cosmic time t , while
all internal scale factors and all scalar fields tend to
finite limits.
In static, spherically symmetric models, where u is
a radial coordinate, w = +1, M0 = S
d0 , K0 = +1,
among other Mi there should be a one-dimensional
subspace, say, M1 , which may be identified with time,
i.e. ε1 = +1. One can see that the sign factor wK0 in
(3.8) is +1, while −χsθs in (3.21) is, due to (4.1), +1
for normal electric and magnetic forms FI and is −1
for quasiscalar ones. Therefore (see (3.9)) the general
solution combines hyperbolic, trigonometric and power
functions, depending on the signs of the ICs k and hs ,
and a considerable diversity of behaviours is possible.
One can reveal, however, that a generic solution pos-
sesses a naked singularity at the configuration centre,
where r(u) = eβ0 → 0. Indeed, without loss of gen-
erality, the range of u is 0 < u < umax , where u = 0
corresponds to flat spatial infinity, while umax is finite
when at least one of the constants hs is negative and
is infinite otherwise (by (3.28), k < 0 is only possible
if some hs < 0). In this case, umax is the smallest zero
in the set of functions
e−ys ∼ sin[|hs|(u − us)]
Then it is clear from (3.25) that all βi → ±∞ , i =
1, . . . , n as u→ umax ; on the other hand, according to
(3.27) σ1 →∞ , and the coordinate radius
r = eβ0 =
[
e−σ1
/
S(+1, k, u)
]1/d
→ 0
provided the denominator is finite. Hence the limit
u → umax is the centre. Such singularities are similar
to the Reissner-Nordstro¨m repulsive centre, with gtt →
∞ and diverging energy of the respective electric or
magnetic field component.
Possible coincidences of zeros for different e−ys do
not essentially alter the situation.
Another generic case is that of umax =∞ , when all
hs ≥ 0. Then, as u→∞ , the factors e
βi behave like
ekiu , with constants ki of either sign and, moreover,
possibly different signs for different i . Therefore again
in the generic case we deal with a naked singularity,
but this time it is not necessarily at the centre.
An opportunity of interest is that of a (traversable,
Lorentzian) wormhole, which realizes when k < 0 and,
in addition, the zero of S(+1, k, u) ∼ sin |k|u (i.e. u =
π/|k|) is smaller than those of sin[|hs|(u− us)] for all
hs which are negative. In this case, at umax = π/|k| we
come through another spatial infinity, eβ0 →∞ , with
finite limits of all other βi and ϕ
a . This opportunity,
if realized, is also generic.
A necessary condition for having a wormhole is
|k| > |hs| for all hs which are negative. Suppose that
they are all negative, which only favours the wormhole
existence. The relation (3.28) then leads to other nec-
essary conditions in terms of the input parameters of
the model:
∑
s
N2s >
d0
d0 − 1
⇒
∑
s
[
d(Is)
(
1−
d(Is)
D − 2
)]−1
>
d0
d0 − 1
. (4.2)
(In both inequalities the summing is performed over
all s able to give hs < 0, i.e., over only true electric
and magnetic forms in the case of spherical symmetry.
The second inequality is obtained from the first one by
excluding λsa .)
Thus wormhole solutions are, in principle, possi-
ble within this class of models. However, for systems
satisfying the positive energy requirement (4.1), with
or without the scalar fields ϕa , one can prove that
the existence of a wormhole throat is at variance with
the properties of the total EMT in the 4-dimensional
setting of the problem, just as in purely 4-dimensional
theory [31]; see more details in [30]. On the other hand,
if one admits that at least one of ϕa is pure imaginary
rather than real, then the corresponding constants ca
become pure imaginary, and wormhole solutions are
readily obtained (compare to [25, 28, 29]). Indeed,
the term with cA in (3.28) then loses its positive-
definiteness, thus opening an opportunity to have ar-
bitrarily large k for given hs ; moreover, the coupling
constants λsa become pure imaginary as well, which
enlarges the coefficients N2s according to (3.20) and
also provides greater |k| for given hs .
Cancelling the positive energy requirement for qua-
siscalar F -forms turns their hs > 0 into quantities
of either sign, which also favours the construction of
wormhole solutions. Consider, for example, the widely
discussed 11-dimensional supergravity model (without
scalar fields), namely, its solution with seven 2-branes
(ds = 3, d(Is ∩ Is′ ) = 1, s 6= s
′ ) [12]. Among the
seven F -forms only three can be electric or magnetic
(since only three sets Is can simultaneously contain
the time direction, in other words, only three branes
can evolve with the time t). This is insufficient for
satisfying (4.2); however, if the other four forms (they
can be only quasiscalar) bear negative energy, worm-
hole solutions do exist.
One can conclude that, in the present class of mod-
els, just as in 4-dimensional theory, wormhole solutions
appear only at the expense of explicitly violating the
conventional energy requirements.
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5. Black holes
The brief analysis of the previous section has shown
that solutions with umax < ∞ describe either worm-
holes, or configurations with naked singularities. Let
us now suppose that all hs ≥ 0 and try to select black-
hole solutions.
We first note that hs = 0 for some s leads to sin-
gularities due to an uncompensated power behaviour
of some eβi . (We leave aside the special case of all
hs = 0: then by (3.28) all c
A = 0 and there appear
numerous restrictions upon the input parameters if one
tries to require regularity.) So we put hs > 0, when
all asymptotics are exponential.
In search for black-hole solutions we make one fur-
ther Ansatz, which is quite common in p-brane studies
[33, 17, 34]:
(v) The subspace M1 is time: d1 = 1, ε1 = −1 and
δ1I = 1 for all s = (I, χs). (The latter means
that all p-branes under consideration evolve with
time.)
Let us now require that all |βi| < ∞ , i = 2, . . . , n
(regularity of extra dimensions), |ϕa| <∞ (regularity
of scalar fields) and |β0| <∞ (finiteness of the spher-
ical radius) as u → ∞ . This leads to the following
constraints on the ICs:
cA =
∑
s
N2s Ys
Ahs, A 6= 1; (5.1)
c1 = −k +
∑
s
N2s Ys
1hs, (5.2)
where A = 1 corresponds to i = 1. Then, applying the
orthonormality relations (3.24) for cA , we immediately
obtain:
hs = k, ∀ s ∈ S∗; (5.3)
cA = k
∑
s
N2s Ys
A − kδA1 . (5.4)
Surprisingly, the “energy constraint” (3.28) then holds
automatically.
It is now easy to verify that under these restrictions
the solutions indeed describe black holes with a horizon
at u = ∞ . In particular, gtt → 0 as u → ∞ and the
light travel time t =
∫
eα−γdu diverges as u → ∞ .
This family exhausts all black-hole solutions under the
assumptions made, except maybe the limiting case k =
0.
For a clearer description and for comparison with
other works let us apply the following transformation
u 7→ R :
e−2ku = 1−
2µ
Rd
, d
def
= d0 − 1, µ
def
= kd.
(5.5)
Without loss of generality we adopt the boundary con-
dition at spatial infinity: ϕa → 0, βi → 0 as u → 0.
Then after the transformation (5.5) the metric and the
scalar fields acquire the form
ds2 =
(∏
s
H
2N2sd(Is)/(D−2)
s
)
×
[
−
(∏
s
H
−2N2s
s
)
(1− 2µ/Rd) dt2
+
(
dR2
1− 2µ/Rd
+R2dΩ2
d+1
)
+
n∑
i=2
(∏
s
H
−2N2s δiIs
s
)
ds2i
]
, (5.6)
ϕa =
∑
s
N2sχsλsa lnHs, (5.7)
where dΩ2
d+1
is the line element on a (d0 = d + 1)-
dimensional sphere and the function Hs (harmonic
functions in R × Sd+1 ) are
Hs(R) = 1 +
ps
Rd
, ps
def
=
√
µ2 + d
2
Q2s/N
2
s − µ
(5.8)
(Ns are defined in (3.20)).
The active gravitational mass Mg is found from the
asymptotic of gtt as R→∞ :
GNMg = µ+
∑
s
N2s
[
1−
d(Is)
D − 2
]
ps (5.9)
where GN is Newton’s gravitational constant.
The extreme case when the mass is minimum for
given charges Qs , corresponds to the limit µ → 0
(k → 0). In papers using the extreme limit as a basis
for obtaining non-extreme solutions the parameter µ is
sometimes called a deformation parameter [33, 17]; we,
on the contrary, obtain the extreme case as a limit of
non-extreme black-hole solutions. It should be noted
that in the extreme case the limit R → 0 can be a
singularity rather than an event horizon. Such cases
can be revealed by infinite Hawking temperature, as
shown in the Appendix.
For the metric (5.6) the Hawking temperature cor-
responding to Rd → 2µ , calculated by standard meth-
ods (see (A.7)), is
TH =
d
4πkB(2µ)1/d
∏
s
(
2µ
2µ+ ps
)N2s
. (5.10)
Hence TH is zero in the limit µ → 0 if the parameter
ξ
def
=
∑
sN
2
s − 1/d > 0, finite if ξ = 0 and infinite if
ξ < 0. (A direct calculation of TH for the extreme con-
figuration confirms these results.) In the latter case the
horizon turns into a singularity in the extreme limit.
On the other hand, the behaviour of TH as µ →
0 characterizes the black hole evaporation dynamics.
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Since TH depends on d0 = d + 1 (which is 2 in the
most physically plausible case) and on the norms N2s
which in turn depend on the p-brane properties, these
features are potentially observable via the Hawking ef-
fect.
A good example of the dependence of TH on the
p-brane configuration is the (already mentioned at the
end of Sec. 4) 11-dimensional supergravity, where it
is possible to have at most three electro-magnetic 2-
branes compatible with black holes. The norms are
N2s = 1/2 for each brane. Then, in the conventional
(S2 ) spherical case, d = d0−1 = 1 and it is clear from
(5.10) that, in the extreme limit, TH tends to zero if
there are three 2-branes, to a finite limit if there are
two and to infinity if there is only one brane. Another
example is the dimension dependence of TH in the case
of the conformally invariant generalized Maxwell field
[19].
6. On models with multiple times
Some recent unification models assume that there can
exist more than one time coordinate (see [36, 37] and
references therein). The above solutions involve any
such cases since the signatures εi are there arbitrary.
As has been mentioned in Sec. 2, the positive energy
requirement specifies the signs ηs for F -forms “living”
in different subspaces of M . This leads to a selection
rule applied to “composite” F -forms, in addition to
the restriction of Remark 2. Indeed, if an F -form,
with a certain fixed factor η in the action (2.1), has
several nonzero components attached to different I ,
then, in order to have positive energy of all such com-
ponents, each of them taken separately should satisfy
(2.21) with the same fixed η . For instance, all genuine
electric-type FI must reside in Is with the same ε(I),
which is the opposite of ε(I) for quasiscalar electric-
type components, etc.
Furthermore, if there is another time direction, it
is natural to assume that some of the “branes” evolve
with this other time. Let us try to study this oppor-
tunity, cancelling Ansatz (v), i.e. allowing δ1I = 0 for
some s , and try to find a black-hole solution. A con-
sideration quite similar to Sec. 5 leads to hs = kδ1Is , so
that hs = 0 for certain s . This in turn leads to power
behaviour of some ys , which is incompatible with reg-
ularity at u→∞ .
This reasoning has only used the fact that some
δ1I = 0, without reference to factor space signatures.
Therefore we have here, as a by-product, an analogue
of no-hair theorems: there is no black-hole solution (in
the family under consideration) with a nonzero qua-
siscalar F field component. A similar theorem was
proved in [38] for a simpler model (D -dimensional dila-
ton gravity), but for a general case when exact solu-
tions were not obtained.
Another conclusion is that “black branes” (p-
branes forming a black-hole configuration) must all
evolve with the time t if the horizon is characterized
by gtt = 0. Let us find out, whether it is possible to
have a black hole with at least two times on equal foot-
ing, such that for another time t′ the corresponding
space-time section be characterized by gt′t′ = 0. To
this end, let us repeat the consideration of Sec. 5 with
d1 > 1, but again with δ1Is = 1. In a similar way one
obtains:
hs = k, c
A =
∑
s
N2s Ys
A − kδA1 /d1. (6.1)
Substituting these expressions into the “energy” con-
straint (3.28), one obtains in the left-hand side, instead
of k2d0/(d0 − 1), the quantity
k2
(
d0
d0 − 1
+
1
d1
− 1
)
. (6.2)
Thus (3.28) holds only for d1 = 1.
We conclude that even in a space-time with multi-
ple time coordinates a black hole can only exist with
its unique preferred (physical) time, while other times
are not distinguished from extra spatial coordinates.
Appendix
The Riemann tensor and the Kretschmann
scalar
The Riemann tensor RMNPQ for the metric (2.11) has
the following nonzero components (see also [39]):
Rumiuni = −δ
mi
ni Ri,
Ri
def
= w e−βi−α
(
eβi−αβ˙i
)˙
;
Rminipiqi = e
−2βiRminipiqi [g
i]− w e−2αβ˙2i δ
mini
piqi ,
δmnpq
def
= δmp δ
n
q − δ
n
p δ
m
q ;
Rminj piqj = −δ
mi
pi δ
nj
qj Rij ,
Rij
def
= w e−2αβ˙iβ˙j , i 6= j, (A.1)
and those obtained from (A.1) by evident index per-
mutations. If gi is a metric of a constant curvature
space, then
Rminipiqi [g
i] = Ki δ
mini
piqi , Ki = const, (A.2)
and the third line of (A.1) may be rewritten as
Rminipiqi = δ
mini
piqi R˜i,
R˜i
def
= e−2βiKi − w e
−2αβ˙2i . (A.3)
The Kretschmann scalar K = RMNPQRMN
PQ ,
whose infinite value at certain points of the space-time
indicates a singularity, is
K =
n∑
i=0
[
4diR
2
i + 2di(di − 1)R˜
2
i
]
+ 4
∑
i6=j
didjR
2
ij .(A.4)
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The Hawking temperature and singularities
One can prove the following sufficient (though not nec-
essary) condition for a surface u = const in M to be
a singularity:
Statement A1. In space-times with the metric
(2.11), where ds2i are metrics of constant curvature
spaces, a surface u = u∗ = const is a curvature singu-
larity if, as u → u∗ , for some coefficient eβi
def
= eγ it
holds
eγ <∞, eγ−α|γ˙| → ∞ (A.5)
(a dot is d/du), while in some neighbourhood of u =
u∗ the function γ(u) is smooth and monotonic.
Proof. The structure (A.4) of the Kretschmann scalar
indicates that, for K → ∞ , it is sufficient that any
single Ri → ∞ . To prove that it is indeed the case
under the above conditions, let us use the fact that
the quantities γ , eγ−αγ˙ and Ri are insensitive to
reparametrizations of the u coordinate. Take a new
coordinate v such that α+ γ ≡ 0, then
eα−γγ′ = 12 ( e
2γ)′ −→
u→u∗
∞ (A.6)
(a prime is d/dv ) and Ri =
1
2 ( e
2γ)′′ . Denote e2γ =
f(v), ( e2γ)′ = 1/F (f), then in a neghbourhood of
v∗ = v(u∗) one has v =
∫
F (f)df . As f tends to its
finite (by (A.5)) limit f(v∗), this integral converges
since, by (A.6), F (f) → 0 in the same limit. Conse-
quently, |v∗| < ∞ , so that from f ′ → ∞ it follows
f ′′ →∞ and hence Ri →∞ as v → v
∗ , which proves
Statement A1.
Its immediate consequence is
Statement A2. In static space-times with the metric
(2.11), where ds2i are metrics of constant curvature
spaces, a surface u = u∗ with gtt = 0 is a curvature
singularity if its Hawking temperature TH is infinite.
Indeed, using e.g. formulae from the book [40], one
finds for static metrics written in the form
ds2 = − e2γ(u)dt2 + e2α(u)du2 + anything else
the following expression for the Hawking temperature
of a surface u = u∗ where eγ = 0, assumed to be a
horizon:
TH =
1
2πkB
lim
u→u∗
eγ−α
∣∣∣∣dγdu
∣∣∣∣ (A.7)
where kB is the Boltzmann constant. (The same ex-
pression can be obtained using other methods, such as
the Euclidean continuation of the metric).
We evidently have a special case of Statement 1,
where, by the above notations, γ = β1 ; more than
that, it would be sufficient to have just eγ < ∞ ,
while here, for an assumed horizon, a stronger con-
dition eγ = 0 is valid.
Remark 5. Statement A1 actually means, for spher-
ical and other spatial symmetries, that any surface
u = u∗ with gtt < ∞ is a singularity if the gravita-
tional force needed to keep a test particle at rest (pro-
portional to e−αγ˙ ) is there infinite. Moreover, it can
be easily shown that a surface u = u∗ with gtt =∞ is
singular as well unless it is situated infinitely far from
any external static observer (that is, unless the inte-
gral
∫
eαdu diverges as u → u∗). Other refinements
of Statement 1 are possible but are here irrelevant.
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